CHAPTER 4: FLOWING FLUIDS AND PRESSURE VARIATION
4.1 Velocity and Description of Flow
Lagragian and Eulerian Descriptions of Motion

· In the description of a flow field, we think of individual particles each of which is considered to be a small mass of fluid that occupies a small volume
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that moves with the flow.

· There are two ways to describe fluid motion: the Lagragian approach and the Eulerian approach.
· Lagragian Approach:

· This is the description of motion where attention is focused on individual particles and the motion of each particle is observed as a function of time.

· The path of a fluid particle is represented in terms of Cartesian coordinates as

                                          r(t)  =  x(t)i + y(t)j + z(t)k
· The corresponding velocity is obtained by taking the time derivative of the position vector as
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or

                                                   V(t)  =  ui + vj + wk
· The Lagragian approach is difficult when the number of particles is large.

· Eulerian Approach:

· This is the description of motion in which we imagine an array of windows in the flow field and observe the velocity of particles passing each window.
· The velocity is a function of the window position and time, so

                            u  =  f1(x,y,z,t)          v  =  f2(x,y,z,t)           w  =  f3(x,y,z,t)

· The vast majority of fluid dynamics analyses are based on the Eulerian approach.

· Another useful way to express the velocity is in terms of the position along a streamline and time. This is given as
                                             V  =  V(s,t)

     where s is the distance along the streamline.
Streamlines and Flow Patterns
· To visualize the flow field, a flow pattern is usually constructed. A flow pattern consists of lines that show the flow direction. These lines are called streamlines.
· The streamline is defined as a line drawn through the flow field in such a manner that the local velocity vector is tangent to the streamline at every point along the line at that instant.
· The streamline at a given time gives the direction of the velocity vector. However, it does not indicate the magnitude of the velocity.
· The flow pattern obtained from streamlines is an instantaneous visualization of the flow field, i.e. it may change with time.
· The streamlines adjacent to the wall follow the contour of the wall. [See figure 4.3.]
· In flow around a body, the streamline that divides the flow into either side of the body is called the dividing streamline.
· The point where the dividing streamline intersects the body is called the stagnation point (because the velocity is zero there). [See figure 4.3.]
Flow Classification

· Uniform or Nonuniform

· A uniform flow is a flow in which the velocity does not change along a streamline, i.e.
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    In uniform flows the streamlines are straight and parallel (see figure 4.4).

· A nonuniform flow is a flow in which the velocity changes along a streamline, i.e.
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   (See figure 4.5 for examples of nonuniform flows.)
· Steady or Unsteady

· In a steady flow the velocity at a given point on a streamline does not change with time:
                                                                 
[image: image5.wmf]0

=

¶

¶

t

V


· An unsteady flow exists if
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Laminar and Turbulent Flow

· Laminar flow: a flow in which the fluid flows with no significant mixing of neighboring fluid particles. The flow may be steady or unsteady.

· Turbulent flow: a flow in which the fluid motions vary irregularly so that quantities such as velocity and pressure show a random variation with time and space coordinates. 

· In turbulent flow, the velocity is represented as an average value plus a fluctuating quantity (see figure 4.6). Other quantities (e.g. pressure) are treated the same way.
· Laminar flows are associated with low velocities and turbulent flows with high velocities. The parameter used to predict the flow regime is the Reynolds number. 
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where L and V are a characteristic length and velocity respectively and  is the kinematic viscosity. For pipe flow, the characteristic length and velocity are the diameter and the mean velocity, respectively.
· There is a critical Reynolds number below which the flow is always laminar. For pipe flow, Recrit  =  2000.
4.2 Methods for Developing Flow Patterns

· A pathline is a line drawn through the flow field in such a way that it defines the path that a given particle of fluid has taken. It provides us with a “history” of the particle’s location.
· A streakline is an instantaneous line whose points are occupied by all particles originating from some specified point in the flow field. Streaklines tell us where the particles are “right now”.

· The streamline is defined as a line drawn through the flow field in such a manner that the local velocity vector is tangent to the streamline at every point along the line at that instant.

· In a steady flow, pathlines, streaklines, and streamlines are all coincident.

4.3 Acceleration 

· Acceleration of a particle as it moves along a pathline is the rate of change of the particle’s velocity with time.
Normal and Tangential Components

· The acceleration of a fluid particle is given as
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where et, and en are unit vectors tangential and normal, respectively, to the pathline (see figure 4.11). 
· The first term of the above equation is the tangential component of acceleration. It will be present if the particle is changing speed. The second term is the normal component of acceleration, called centripetal acceleration. It will be present if the fluid particle is moving on a curved path.

Cartesian Components

· To express acceleration using components in a Cartesian coordinate system, consider the velocity vector as follows:

                                               V  =  ui + vj + wk
     where u = f1(x, y, z, t), v = f2(x, y, z, t), and w = f3(x, y, z, t).

· The acceleration vector is
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Note: The operator D/Dt is called the “substantive” or “material” derivative, i.e. the derivative based on the moving fluid particle and is defined as
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Convective and Local Acceleration

· In the equations above (for acceleration), the terms involving derivatives with respect to time (e.g. ∂u/∂t) are called local accelerations. The remaining terms (e.g. u(∂u/∂x), v(∂v/∂y), etc.) are called convective accelerations.
· In steady flow, the local acceleration is zero. In uniform flows, convective acceleration is zero.

4.4 Euler’s Equation 

· Recall that in Chapter 3, the pressure variation in a static fluid was considered.

· Euler’s equation concerns pressure variation in an accelerating fluid in which there is no velocity gradient within the fluid. Therefore, viscous forces will not be considered in the analysis. An example of such case is a tank of liquid carried by a truck.
· Considering the cylindrical element of fluid being accelerated in the l direction (figure 4.12), the Euler’s equation is (proof will be shown in class):

                                                   
[image: image15.wmf](

)

l

a

z

p

l

r

g

=

+

¶

¶

-


· Euler’s equation can be applied in any direction in the fluid.

· Note that when there is no acceleration the Euler’s equation reduces to the hydrostatic pressure variation in a fluid (p +  z = const.). In other words, along a direction in which there is no acceleration the pressure distribution is hydrostatic.
· Consider an open tank of liquid shown in figure 4.13.
· The free surface is horizontal when the tank is not accelerating.
· When the tank is accelerated to the right, the liquid redistributes itself as shown. Using Euler’s equation, it can be shown that the free surface is inclined to the horizontal by angle  given by
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4.5 Bernoulli Equation 

The Bernoulli Equation along a Streamline

· The Bernoulli equation is obtained from the integration of Euler’s equation along a pathline. The Bernoulli equation is stated in any of the following forms:
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    or
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Note: The kinetic pressure ( V 2/2) is also called dynamic pressure.

· The conditions under which the Bernoulli equation applies are as follows:
· Inviscid (no shear stresses)
· Steady
· Incompressible

· Along a streamline
Application of the Bernoulli Equation

· Stagnation Tube

· Consider the stagnation tube inserted into a flowing fluid as shown in figure 4.14.

· Applying Bernoulli equation, the flow velocity is 
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     where l is the height by which the fluid rises in the tube.

· The stagnation tube is not suitable for velocity measurement in a pressurized pipe.
· Pitot Tube
· Another device used for flow velocity measurement is the Pitot tube (see figure 4.15).

· The Pitot tube has a pressure tap at the upstream end of the tube for sensing the stagnation pressure. It also has ports for sensing static pressure in the fluid.
· Applying the Bernoulli equation gives
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where pz,1 and pz,2 are the piezometric pressures at points 1 and 2 (i.e. p1+z1 and p2+z2), respectively (see figure 4.15).

· The Pitot tube is usually used by connecting it to a pressure gage or manometer, as shown in example 4.4.
· If a differential pressure gage is across the taps, the above equation simplifies to 
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    where p is the pressure difference measured by the gage.
· Pressure Coefficient 

· The pressure coefficient is a nondimensional quantity. For gas flow, it is defined as
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    where po and Vo are the reference pressure and velocity, respectively.

· For liquid flow, the pressure coefficient is of the form
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    where h is the piezometric head.
4.6 Rotation and Vorticity 

Concept of Rotation
· Rotation is defined as the average rotation of two initially mutually perpendicular faces of a fluid element.

· Consider a fluid element that moves with time and deforms as shown in figure 4.19. the rate-of-rotation vector for the element is
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· An irrotational flow is a flow in which there is no rotation, i.e. x = y = z = 0.

Vorticity
· The vorticity is twice the rate-of-rotation vector. The vorticity equation is

              
[image: image28.wmf]V

k

j

i

´

Ñ

=

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

-

¶

¶

+

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

-

¶

¶

+

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

-

¶

¶

=

=

y

u

x

v

x

w

z

u

z

v

y

w

Ω

2

w


    where V is the velocity vector.
Rotation in Flows with Concentric Streamlines
· Consider the two-dimensional flow field shown in figure 4.20. The rotational rate about the z-axis is
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· For a flow rotating as a solid body, the velocity distribution is V =  r, so the rate of rotation becomes 
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                 This type of motion is called a “forced” vortex.
· If the flow is irrotational, then
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This flow field is known as a “free” vortex. The fluid elements are going around in circles, but they are not rotating. 

Vortices
· A vortex is defined as the motion of a multitude of fluid particles around a common center.

· Two types of vortices have been identified: the forced vortex and the free vortex.

· Actual vortices (e.g. tornados and whirlpools) are approximated by a combination of forced and free vortices with the forced vortex at the center and the free vortex on the outside (see figure 4.21).
4.7 Pressure Distribution in Rotating Flows 

· A common type of rotating flow is the flow in which the fluid rotates as a rigid body.

· The pressure distribution in a rotating flow can be obtained by applying Euler’s equation in the direction normal to the streamlines, i.e.
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· For a liquid rotating as a rigid body, V =  r. The Euler’s equation then becomes,
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· Integration of the above equation with respect to r gives
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    where C is a constant.

4.8 The Bernoulli Equation in Irrotational Flow 

· Recall that in section 4.5, the Bernoulli equation was given as
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     where C is a constant along a streamline.

· For the special case of irrotational flow, the constant C is the same everywhere in the flow field.
· Therefore, the Bernoulli equation can be applied between any two points in the flow field if the flow is inviscid, steady, incompressible, and irrotational.
· The assumption of irrotationality is a very useful simplification in solving fluid flow problems. Examples of flows that can be treated as irrotational are:

· Flow outside a thin boundary layer on airfoils

· Flow outside the separated flow region around automobiles

· Flow around submerged objects

Pressure Distribution Around a Circular Cylinder - Ideal Fluid
· If a fluid is nonviscous and incompressible it is called an ideal fluid.

· The flow pattern and the pressure distribution for the steady, irrotational flow of an ideal fluid past a cylinder are shown in figures 4.23 and 4.24 respectively. The Bernoulli equation applies everywhere in the flow field.
· Consider a fluid particle starting from the free-stream at point A (fig. 4.23).
· A to B: It decelerates as its pressure increases up to the maximum at B (stagnation point).
· B to C: It accelerates, due to the favorable pressure gradient, until it reaches its highest speed at C. The pressure decreases to its lowest value at C.

· C to D: It travels against the adverse pressure gradient. The pressure reaches its maximum value again at D (PD = PB), another stagnation point.
· D to E: The particle accelerates to the free-stream velocity.

· This flow pattern can be realized in real fluid if the velocity is very small.

4.9 Separation 

· Consider the flow of a real (viscous) fluid past a cylinder as shown in figure 4.25.

· The flow pattern upstream of the midsection is very similar to the pattern for an ideal fluid, except that the fluid velocity at the surface is zero (no-slip condition). This results in a boundary layer. The boundary layer is the region where the effect of viscosity is significant. The velocity changes from zero to the free-stream velocity across the boundary layer.
· Downstream of the midsection, the fluid particle travels against the adverse pressure gradient. Due to the low velocity in the boundary layer, it does not have sufficient energy to successfully overcome the adverse pressure gradient. It then breaks away from the surface. This is called the separation point.

· From the separation point a circulatory flow called a wake develops behind the cylinder.

· The pressure at the downstream end of the cylinder is less than the pressure at the forward stagnation point. This leads to drag (flow resistance).
p
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