CHAPTER 6: MOMENTUM PRINCIPLE
6.1 Momentum Equation: Derivation
· Recall Newton’s second law of motion, i.e.
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· For a fluid system, the Newton’s second law may be written as
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· Recall from, chapter 5, the Reynolds transport theorem
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· To convert Newton’s 2nd law to Eulerian form, we use the Reynolds transport theorem. Here, B = Mom = mv, and so b = v. The velocity v must be relative to an inertia reference frame (i.e. a frame that is not accelerating).
· Substituting for B and b in equation (3) and combining with equation (2) gives the integral form of the momentum equation as
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6.2 Interpretation of the Momentum Equation
· Application of the momentum equation to fluid flow problems is analogous to the use of the “free-body” approach in solid mechanics.

· To apply the momentum equation to a fluid flow problem, the control volume is isolated from its surroundings and forces are applied to replace the influence of the surroundings.

· If the velocity is uniformly distributed across each inlet and outlet port, the momentum equation can be written in mass flow form as
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· The momentum equation is a vector equation which represents three scalar equations. In Cartesian coordinate system, the three scalar equations are:
                 x direction:  
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                 y direction:  
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                 z direction:  
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· The choice of control volume depends on what information we are trying to find. See figure 6.1 for illustration of different choices of control volume.

· Force terms

· ΣF represents all forces acting on the control volume. These forces include

· Body forces: these are forces that act on mass elements within the body, e.g. gravitational (weight), electrostatic, and magnetic forces.

· Surface forces: these are forces that require physical contact, i.e. they result from the surroundings acting on the control surface, e.g. forces caused by pressure, shear stress distribution, and supports and structures.
· Note that when calculating pressure forces, the gage pressure is used.

Momentum Accumulation

· The momentum accumulation term is zero if the two conditions below are satisfied:

· The velocity and density of fluid at each point are constant with time in the control volume, i.e. the flow is steady.
· The structural elements within the control volume (e.g. walls) is stationary.
· In many problems, the momentum accumulation is zero.

Momentum Diagram

· The momentum diagram is created by sketching a control volume and then drawing a vector to represent the momentum accumulation term and a vector to represent momentum flow at each inlet and outlet port.
· The momentum diagram helps in the visualization of the problem.

Systematic Approach

· The systematic approach recommended for using the momentum equation is summarized on page 189 of the textbook.

6.3 Typical Applications
Fluid Jets

· The following assumptions are made about a fluid jet:

· The pressure is constant (and equal to ambient pressure) across any cross-section of the jet.
· The fluid velocity is uniform across the cross section of the jet.
Example: Problem 6.4

A water jet of diameter 2 inches and speed v = 50 ft/s is filling a tank. The tank has a mass of 25 lbm and contains 5 gallons of water at the instant shown. The water temperature is 70oF. Find the minimum coefficient of friction such that the force acting on the stop block is zero.

Solution: To be presented in class.

Nozzles

· The assumptions made about fluid flow through a nozzle are itemized below with respect to figure 6.3:

· The velocity is uniform across sections A and B.
· If the nozzle exhausts into the atmosphere, the pressure at section B is atmospheric.

· Bernoulli equation is applied between sections A and B to obtain the pressure at A. This pressure will exert a force of magnitude pA, where p is the pressure (gage) at the centroid of section A.
Example: Problem 6.8
An engineer, who is designing a water toy, is making preliminary calculations. A user of the product will apply a force F1 that moves a piston (D = 80 mm) at a speed of Vpiston = 300 mm/s. Water at 20oC jets out of a converging nozzle of diameter d = 15 mm. To hold the toy stationary, the user applies a force F2 to the handle. Which force (F1 versus F2) is larger? Explain your answer using concepts of the momentum principle. Then calculate F1 and F2. Neglect friction between the piston and the walls. 

Solution: To be presented in class.

Vanes

· A vane is a structural component, typically thin, that is used to turn a fluid jet or be turned by a fluid jet (e.g. a blade in a turbine; a sail on a ship). 
· In analyzing flow over a vane, the following assumptions are made:

· Constant fluid pressure everywhere.

· Elevation changes are negligible.

· Viscous forces are negligible. Therefore, according to Bernoulli equation, the speed of the jet stream relative to the deflector surface remains unchanged. Thus, in the flow over a vane shown in figure 6.4, v1 = v2 = v3.
Example: Problem 6.19
The planar water jet (60oF) is deflected by a fixed vane. What are the x and y components of force per unit width needed to hold the vane stationary? Neglect gravity.

Solution: To be presented in class.

Pipes
· It is usually assumed that the velocity is nearly constant across each section of the pipe.

· The force acting on a pipe cross section is given by pA, where p is the pressure at the centroid of area and A is area.

6.4 Additional Applications
Nonuniform Velocity Distribution

· When the velocity across at least one of the flow sections is not uniform, the general form of the momentum equation must be used.

· Example 6.8 illustrates the use of the general form of the momentum equation.

Moving Control Volumes
· When an object is moving, it is often convenient to define a control volume that moves with the object.

· To calculate the mass flow rate in and out of the control volume (using 
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), the velocity is with respect to the control surface.
· The velocity v in the momentum equation must be relative to an inertia reference frame. The reference frame selected may move with the control volume, or it can be independent of the control volume. If the control volume is moving at constant velocity (e.g. in example 6.9), the problem may be solved with a reference frame attached to the body or with a fixed reference frame. However, if the control volume is accelerating, (e.g. in example 6.10), a reference frame moving with the control volume cannot be selected.

Example: Problem 6.76
This two-dimensional water jet is deflected by the two-dimensional vane, which is moving to the right with a speed of 60 ft/s. The initial jet is 0.30 ft thick (vertical dimension), and its speed is 100 ft/s. What power per foot of the jet (normal to the page) is transmitted to the vane?

Solution: To be presented in class.

Force on a Rectangular Sluice Gate

· A gate across a channel under which water flows is known as a sluice gate (see fig. 6.5). Sluice gates are used in control of rivers and channel flows.
· To determine the force necessary to hold the sluice gate in place, the hydrostatic pressure relations cannot be used because the pressure distribution on the plate is not hydrostatic (see fig. 6.5b). Instead, the momentum equation is applied on a control volume which includes the gate (See pages 212-213 for the analysis).
Water Hammer
· Whenever a valve is closed in a pipeline, a hammering sound is produced due to the pressure wave created in the pipeline. This process is called water hammer.
· The water hammer process is illustrated in figure 6.6. The valve at the end of the pipe is closed suddenly and this creates a pressure wave which travels at the speed of sound between the valve and the reservoir. The cycles of pressure variation at two locations in the pipe are shown in figure 6.7.
· The magnitude of the pressure wave is
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    where V is the velocity of water in the pipe before valve closure and c is the speed of sound.

· The speed at which the pressure travels (i.e. sped of sound) is
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· Water-hammer pressures can be quite large and can cause pipe failure. To keep the pressure within acceptable limits, it is recommended that one of the following measures be taken in the design of piping systems:
· Install an accumulator (in the form of air chamber or surge tank) near the valve.
· Operate the valve is such a way that rapid closure is prevented.

· Install pressure-relief valves at critical points in the piping system.

6.5 Moment-of-Momentum Equation
· The moment-of-momentum equation is useful for situations that involve moments. This includes analyses of rotating machinery such as pumps, turbines, fans, and blowers.
· The development of the moment-of-momentum equation parallels that of the momentum equation. The integral form of the moment-of-momentum equation principle is:
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where r is a position vector that extends from the moment center, V is flow velocity relative to the control surface, and v is flow velocity relative to  the inertia reference frame selected.

· For uniformly distributed properties across the inlet and exit ports, the moment-of-momentum principle can be written as:
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